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摘 要
对于任意的复数 `, 无扭仿射 Kac-Moody 李代数 g^ 的限制模与顶点代数
Vg^(`; 0)的模一一对应 (参见 [1, 2]). 高维仿射李代数是仿射 Kac-Moody李代数的
自然推广 ([3]),其中很重要的一类是复单李代数的多重 loop代数的中心扩张,即
toroidal李代数 ([4]). 在文章 [5]中,李海生,谭绍滨和王清推广顶点代数的定义,
引入了 toroidal顶点代数的概念,并将 toroidal李代数与 toroidal顶点代数联系起
来.
众所周知,所有的仿射 Kac-Moody李代数都可以实现为 g^的不动点子代数
(参见 [6]),并且仿射 Kac-Moody李代数的限制模都可以与顶点代数的扭模对应
起来 ([7, 8]. 类似的,几乎所有的高维仿射李代数都可以实现为 toroidal李代数的
不动点子代数 ([9–14]). 受此启发,我们在第二章研究了 toroidal顶点代数的扭模.
更确切的说,我们对一个一般的 toroidal顶点代数和上面的一个有限阶自同构,引
入了扭模的概念,并给出了 toroidal顶点代及其扭模的一般构造方法. 更进一步
的,我们利用该构造通过扭模将扭 toroidal李代数与 toroidal顶点代数联系起来.
进而建立了几乎所有高维仿射李代数与 toroidal顶点代数之间的联系.
当 `为非负整数时, g^的水平为 `的可积高权模与顶点代数 Vg^(`; 0)的单商
Lg^(`; 0)的模一一对应 (参见 [1, 2, 15–18]). 受到 Rao分类 toroidal李代数的权空
间有限维可积不可约模的工作 ([19]) 启发, 我们在第三章研究单 toroidal 顶点
代数及其模. 更确切的说, 对应于 toroidal李代数 Lr(g^) = g^ 
 C[t11 ; : : : ; t1r ]的
toroidal顶点代数 V (T; 0),我们给出了其所有的 Z-分次单的 (r + 1)-toroidal顶点
商代数. 进一步的,我们证明了这些单商作为 Lr(g^)-模可积的充分必要条件,刻画
了其可积时的模范畴,并分类了不可约模. 我们首先构造了一个 (r + 1)-toroidal
顶点代数 V (T; 0),并证明了 Lr(g^)的限制模范畴典范同构于 V (T; 0)模范畴.记
c为 g^的标准中心元, 并记 Sc = U(Lr(Cc)). 我们进而研究 V (T; 0)的一个重要
的 (r + 1)-toroidal 顶点子代数 V (Sc; 0), 给出了 V (Sc; 0) 的所有的 Z-分次单的
(r + 1)-toroidal顶点商代数,并证明了这些 Z-分次单的商一一对应于 Zr-分次环
同态  : Sc ! C[t11 ; : : : ; t1r ]使得 Im 成为 Sc 的 Zr-分次单模. 记 L( ; 0)为对
应于  的 V (Sc; 0)单的 Zr-分次 (r + 1)-toroidal顶点商代数. 我们证明了 L( ; 0)
作为 Lr(g^)-模可积的充分必要条件是存在有限个正整数 `1; : : : ; `s,及 (C)r 中的
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两两不同的向量 a1; : : : ; as,使得
 (c
 tm) =
 
sX
i=1
`ia
m
i
!
tm (m 2 Zr):
更进一步的,对于满足上述条件的  ,我们确定了 L( ; 0)的模范畴,并分类了其
中的不可约对象.
关键词：Toroidal李代数;高维仿射李代数; Toroidal顶点代数;可积模;扭模.
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Abstract
It is well-known (see [1, 2]) that for each ` 2 C, there exists a canonical vertex
algebra Vg^(`; 0) associated to the untwisted affine Kac-Moody Lie algebra g^. Extended
affine Lie algebras (EALA) are natural generalizations of affine Kac-Moody Lie alge-
bras (see [3]). Toroidal Lie algebras, which are central extensions of multiloop algebras
of finite dimensional simple Lie algebras, form an important family of EALAs (see [4]).
Haisheng Li, Shaobin Tan and Qing Wang generalized the notion of vertex algebras, in-
troduced toroidal vertex algebras in [5]. Therein, they established a connection between
toroidal Lie algebras and toroidal vertex algebras.
Recall that affine Kac-Moody algebras were classified as untwisted affine Lie al-
gebras and twisted affine Lie algebras, where untwisted affine Lie algebras can be re-
alized as the universal central extensions of loop algebras of finite dimensional simple
Lie algebras and twisted affine Lie algebras can be realized as fixed points subalgebras
of untwisted affine Lie algebras under Dynkin digram automorphisms (see [6]). And
(untwisted) affine Lie algebras can be canonically associated with vertex algebras and
modules (cf. [1], [15], [2], [20]), while twisted affine Lie algebras can be associated
with vertex algebras in terms of twisted modules (see [7], [8]). For extended affine Lie
algebras, essentially this is also the case; it was proved (see [9–14]) that almost all ex-
tended affine Lie algebras (except those constructed from the centerless irrational Lie
tori) can be realized as twisted toroidal Lie algebras. In view of this, we study twisted
modules for toroidal vertex algebras in Chapter II. More specifically, we introduce a
notion of twisted module for a general toroidal vertex algebra with a finite order auto-
morphism and we give a general construction of toroidal vertex algebras and twisted
modules. We then use this construction to establish a natural association of toroidal
vertex algebras and twisted modules to twisted toroidal Lie algebras. Furthermore, we
establish a natural association of toroidal vertex algebras and almost all extended affine
Lie algebras.
Moreover, if ` is a non-negative integer, then restricted integrable g^-modules of
level ` are in one-to-one correspondence with the modules of Lg^(`; 0), where Lg^(`; 0)
is the simple quotient vertex algebra of Vg^(`; 0) (see [1, 2, 15–18]). Rao classified
irreducible integrable modules with finite dimensional weight spaces for toroidal Lie
algebra in [19]. In view of Rao’s work, we study the toroidal vertex algebra V (T; 0)
associated to the toroidal Lie algebra Lr(g^) := g^ 
 C[t11 ; : : : ; t1r ], in Chapter III,
and establish its Z-graded simple (r + 1)-toroidal vertex quotient algebras. Moreover,
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for each simple quotient L( ; 0), as an Lr(g^)-module, we give a necessary and suffi-
cient condition for the integrability of L( ; 0). Assume that L( ; 0) is integrable, we
determine its module category, and classify its irreducible modules. We first construc-
t an (r + 1)-toroidal vertex algebra V (T; 0) and show that the category of restricted
Lr(g^)-modules is canonically isomorphic to that of V (T; 0)-modules. Let c denote the
standard central element of g^ and set Sc = U(Lr(Cc)). We also study an important
subalgebra of V (T; 0), denoted by V (Sc; 0). We show that (graded) simple quotient
toroidal vertex algebras of V (Sc; 0) are parametrized by a Zr-graded ring homomor-
phism  : Sc ! Lr such that Im is a Zr-graded simple Sc-module. Denote by
L( ; 0) the simple (r + 1)-toroidal vertex quotient algebra of V (Sc; 0) associated to
 . We show that L( ; 0) is an integrable Lr(g^)-module if and only if there exist finite
many positive integers `1; : : : ; `s, and distinct vectors a1; : : : ; as 2 (C)r, such that
 (c
 tm) =
 
sX
i=1
`sa
m
i
!
tm;
where m 2 Zr. Moreover, for such a homomorphism  , we determine the module
category of L( ; 0), and then classify the irreducible objects.
Key Words: Toroidal Lie algebra; Extended affine Lie algebras; Toroidal vertex
algebras; Integrable modules; Twisted modules.
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